1 Approximation

1.1 Newton-Raphson process

f(xn)

Xpt1 = Xn — f/(xn)

1.2 Linear interpolation

Draw triangles, use similar triangles.

1.3 Interval bisection

alf@ ] o] fo [5[r(%)
-1 3 2 2.5 0.1569
-1 | 25 | 0.1569 | 2.25 —0.493

2 Summation of Series

2.1 Summation of Series

u n(n+1)
L 2
x=1

n

, nmn+1)2n+1)

Z B 6
x=1

n 2 2

3 _n*(n+1)
Ly =T
x=1
2.2 Summation of Arithmetic Progression
—1)d
= o =)
+1)d
Sy = agn 4 (204D

nx (a1 +ap)

Sn = >

Sn = NXaAn41
2

2.3 Summation of Geometric Progression

3 Matrices

3.1 Transformations

3.1.1 Enlargement

k 0
e Stretch in x-direction by a scale factor k: (0 1)

10
e Stretch in y-direction by a scale factor k: (0 k)

k 0
o Enlargement about the origin by a scale factor k: (0 k>



3.1.2 Reflection

1 0
¢ Reflection in x-axis:
0 -1
L ) -1 0
¢ Reflection in y-axis:
0 1
0 1
o Reflection in y = x:
1 0
L 0 -1
o Reflection in y = —x:
-1 0

3.1.3 Rotation

cosf —sinf
sinf  cosf

¢ Rotation about the origin by 6 anti-clockwise: <

3.1.4 A point to a point

Point A is transformed by T, resultant point is T - A.

3.1.5 A line to a line

ay + thy ai + thy
Equation | ap + tb, | is transformed by T, resultant line is T - | a + tb,
as + tbs az + tbz

3.2 Inverse matrix 2*2
det A = ad — bc

()

If det A = 0, A is singular, so A has no inverse.

3.3 Inverse matrix 3*3

a b c 1 A -B
d e f = K —-D E
g h i G -—-H
where
e f
A= =ei—h
‘h " f
A=aA—-bB+cC
3.3.1 Transpose
T
b ¢ a d g
e f| =10 e h
h i c f i

That is, rows become corresponding columns.



3.4 Calculating area of an triangle
X1 X2 X3
i Y2 Yy

4 Complex Numbers

1
A= 5 (vay1 + 332 + X1y3 — x1y2 — XaY3 — X3Y1)

1) Translation
. a
w =z +a+ bi : translation by <b>

2) Enlargement

w = kz : enlargement by a scale factor k

3) Enlargement followed by translation

w = kz + a+ bi : enlargement by a scale factor k followed by a translation by (Z)

4.1 Transformations

4.1.1 Example 1

Find the transformation w = %,z! = 0, find the locus of w when z lies on the line with equation y = 2x + 1
Xtyie 1 u—vi u " fvz,
T S s S s R s

4.2 Eigenvectors

To find eigenvectors of A:
det(A—AI) =0

Given an eigenvector e, find corresponding eigenvalue:
A-e=Ae
Orthogonal matrix M:
M~1=M"
5 Vector
5.1 Scalar product (-)

ﬁ~EZX1X2+y1y2+Zl+ZZ

5.1.1 Angle between 7 and b




5.2 Vector product (x)

Vector product is perpendicular to both the vectors.
ixb=—-bxi

‘L_i X E’ = |d] ’E‘ sin 6

5.3 Calculate Area of a Triangle

5.4 Calculate Area of a Tetrahedron

5.5 Calculate Area of a Prism

5.6 Cartesian equation of a straight line
X —a; _ y—llz _ zZ— a3 _

b b, b3 A

where

fixedpoint(ay,az,az)

by
direction = | by
bs
5.7 Vector equation of a straight line
Fxb=adxb
F=a+th

5.8 Find the distance from a point to the line using vector product

i

’ _'P‘ = sin@

‘XPXE‘

i
g



5.9 Find the shortest distance between two lines
e Two parallel lines, choose one point from a line and calculate by
R ‘A_'P X E‘
d="——
g

e Two skew lines:

=
Il
Sy
+ 4+
> >
S

oy
I
ol

[
Il
/N
S
X
=
S~—

5.10 Vector Equation of a Plane

5.11 Cartesian Equation of a Plane

-

a
ax+by+cz=d=1n-dni=\|b
where 4 is a fixed point.

5.12 Transform a Plane from Cartesian Equation to Vector Equation
x
let x = A,y = p, express z with x and y. ¥ = | y |, then replace x with A, split A and p.
z
5.13 Determine a Plane with two lines
1. Find normal of the plane by 171 X b}

2. Find intersection

3. Express in cartesian form

5.14 Find the distance between a point and a plane

Plane: 7-7 = ax + by + cz = d, Point: P(x1,y1,21)

5.14.1 Method 1, use formulae directly

_axy +byy +cz —d|

d
Va2 +b? 4 2

5.14.2 Method 2, use perpendicular foot

F is the perpendicular foot of P to the plane.

Step 1. Find for line PF, which is a expression of F
Step 2. F is in the plane, so put F into the equation of the plane and find F.

Step 3. Calculate distance by ‘ﬁF‘



5.15 Line and plane
5.15.1 The line lies in the plane

Method 1. Prove two random points lie in the plane

Method 2. Prove all points are in the plane

5.15.2 The line is parallel to the plane

Method 1. bii = 0,

5.15.3 The line is intersecting with the plane
Method 1. Find point of intersection
Method 2. Find angle between | and the plane

5.16 Tow planes

5.16.1 Distance between two planes

ax+by+cz=d;
ax +by+cz =dp

|d1 — d>]
Va2 + b2 42

6 Differentiation

6.1 First order differentiation

Integration factor:

ZZHﬂy—Q:%d() :Q

6.2 Second order differentiation

dy . dy

6.2.1 Auxiliary equation
am?® +bm+c =0

If A > 0, it has two distinct roots «, . General solution:
y = Ae™ + BeP*
If A =0, it has two repeated roots. General solution:
y = (A+ Bx)e™™
If A <0, it has two complex roots, p + i and p — qi. General solution:

= eP*(Acosgx + Bsingx
y q q



6.2.2 Example for finding a general solution for Second order differentiation

Py | dy
ﬁ+5ﬁ+6y—0
a=1b=5,c=6
m? +5m—+6=0
m= —20rm = —3

y = Ae 2 4 B~

6.2.3 Complementary functions

a2 d
0T b ey = f(x)

dx2 " Vdx

Solution: y = complementary function + particular integral

Particular integral is the general form of f(x).

6.2.4 Complementary functions example
Py dy
— —8-= 412y =36
dx?  dx iy *

Step 1. State CF and PI
CF: y = Ae?* + Beb*
PLy=Ax+u

Step 2. Differentiate PI

Obtain:
dy
a _— A
d*y
&z 0

2
Step 3. Substitute %, Z—Z, y into the differentiation equation.
Then find A and u.

6.3 Appendix: Particular Integrals

f(x) Particular integral
k A
ax+b Ax 4+
ax? +bx+c Ax? 4+ px +

aekx Aekx

asinkx

asinkx Asinkx 4 pcos kx

asinkx + bcoskx

7 Maclaurin and Taylor series

7.1 Maclaurin expansion

£x) = £(0) + £ 0+ L% 10

x4



7.1.1 Provided expansions
2 3

. X X
¢ =1+x+ o+t

. ¥ooxd X7
smx:x—a—i—ﬁ—ﬁ—l—...

_q ¥ xt xf
cosx = _E+E_a+"'

2 3 4
ln(1+x):x—%+%—xz+...,—l<x<l
-1
(1—|—x)":1+nx+%x2+...,—l<x<l

7.2 Taylor expansion

£ = fl@) + @ —a) + LD a4 L gy

f(x+a) = f(a)+ f(a)x + @9@4—@3/—&-...

8 Polar Coordinates

8.1 Sketching Graphs in Polar Coordinates

8.2 Integration in Polar Coordinates
1 B

A= [ 1o
2 )"
8.3 Differentiation in Polar Coordinates
Polar function = f(0) can be transformed to
y =rsinf
x =rcosf
Then differentiation:
dy
dy _ a8
d
dx d%f
dy dy _

o For tangent parallel to initial line, 2% = 0, hence 7 = 0.

e For tangent perpendicular to initial line, Z—Z is undefined, hence % =0

9 Hyperbolic Functions

X _
. e¥ —e
sinhx =
2
X —X
et +e
coshx =
2
X —X
—e
tanh x =
eX e ¥



10 %

y —— y =sinhx
5 ——y = coshx
——y =tanhx
& 2
—51}
710 1
4001y ——y =cschx
200 — vy =sechx
x |——y =cothx

—04-02 | 02 04

—200 |

—400+
arsinhx = In (x + V22 + 1)
arcoshx = In(x £ vx2 - 1)

artanhx = %ln(ii—i)
y ——y = arsinhx
1 1
‘ x
-2 2
1+

——y = arcosh x

| | | X
1.2 14 16 18 2

4 1Y ——y = artanhx

.5 0.5 1
2

9.1 Osborn’s rule

Replace sin with sinh, cos with cosh, sin? with — sinh?

10 Further integration

10.1 General formulae

. n+l(y
[fpar= L0



10.2 Useful formulae

cosh2x = 2cosh? x — 1 = 1 4 2 cosh?(x)

h2x +1
W2 () — 08
cosh”(x) —
h2x —1
h2(x) = o8
sinh“(x) —
— (arsinhx) = !
dx V14 x2
1
£ hx) =
I (arcosh x) =
I (artanhx) =1 — x2
I (tanh x) = sech® x
I (cothx) = — cosech? x
d
I (sechx) = — sech x tanh x
(cosech x) = — cosech x coth x

dx

/ ﬁdx = arcsin(g) +C

esulls marke are in the Ldexcel formula DOOKIet)
fsinhxdx = coshx + C (*)
fcoshxdx = sinhx + C (*)
fsechzxdx =tanhx + C
f cosech’xdx = —cothx + C
fsachxtanhxdx = —sechx + C
f cosechx cothxdx = —cosechx + C
fédx - arcsm( ) k] <a (¥

1 !
————dx = arcsinx + C, x| < 1
fv'(l L) d

[ s = Larctan (%) ) fﬁdx e
fﬁdx - arsinh 7] O -
f *’W = arcosh(g), x>a () fﬁdx = arcoshx + C
[zt =[S <a  ©

[z = 2anlE= ¢

10.3 Substitution in Integration

[ f(x)dx | Substitution

J V“21*x2 ax x =asinf
[ Va? — x%dx

J szl,,zz ax x = acoshf
J V% —a?dx

f 1 gy )
Vxita x = asinhf
[ Vx? +a%dx

1 _
fmdx x =atané

10



10.4 Arc Length

2
SZ/XB\ll—F(d—y) dx
XA dx

Y8 dx\?
s:/ ,/1+<—)d
va dy v

10.5 Surface Area

Rotating about x-axis

S—Zn/ i1+ d—y dx

X
S= 27'(/ y
XA
Rotating about y-axis
d
S—27r/ x“1+ y dx
S=2nm
11 Further coordinates
Conics
Ellipse Parabola Hyperbola R;:::::_%‘:}::r
Standard Form | — + 2= = 1 ¥y = dax X xy=¢c
aZ aZ aZ bZ
Parametric . . (asech, btand) ( CJ
Y 9 2 {, -_—
Form (acosB, bsinf) (at*, 2at) (+acoshd, bsinhd) & ;
. . e < | e > 1
Eccentricit €= e=1 5 =
Y rog( - b= a¥et - 1) e=\2
Foci (xae, 0) (a,0) (+ae, 0) (E2¢, £2¢)
. . a a
Directrices X = i; X=-a X = i; x+y== \EC
Asymptotes none none o i% x=0,y=0
a
11.1 Ellipses
11.1.1 Gradient of tangent for ellipse
dy Zi bcos 6
dx 4  —gsinf
11.2 Hyperbola
2 2
v
a2 b2

11



11.2.1 Asymptotes
b
=4~
y P

11.2.2 Intersections

X =*a
11.2.3 Parametric equations
X = asecf
y=Dbtané
x = acoshf
y = bsinh @
11.2.4 Differentiation
dy b
i csc
dy = kcoth@
dx a
11.3 Eccentricity
distance to focus

= distance to directrix
o If 0 <e<1,it’s an ellipse. foci(%ae,0). directrix: x = £4
e If e =1, it’s an parabola.

Eccentricity for ellipse:

b2
2 _
ec=1- )
Eccentricity for hyperbola:
a? =1 —1)

2

2 a
=1+ 7

12 Appendix: Formulas of Integration and Differentiation

SOV
| F =)
Sinz(x)zlfczﬂ

cos?(x) = 1+ cos(2%) czs(Zx)

/ secxdx = In(secx + tanx) + C
/ cscxdx = —In(escx + cotx) + C

d
(secx) = secxtanx

dx

12



d
— (tanx) = sec? x

dx

%(cot x) = —csc? x
4 (cscx) = —cscxcotx
dx T

13



